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Expressions for the microscopic pressure tensor, suitable
for use in molecular dynamics (MD) and Monte Carlo
simulations, are presented. The expressions apply to
heterogeneous systems consisting of particles interacting
with pair-wise additive potentials. The normal and
transverse components of the pressure tensor as defined
by Irving and Kirkwood [Irving, A.J.H. and Kirkwood,
J.G. J. Chem. Phys., 18 (1950) 817] were used to derive
explicit equations for the coarse-grained pressure in
planar and spherical symmetries. Molecular dynamics
simulation results at /near planar and spherical surfaces
confirmed that mechanical balance is attained at
equilibrium. Furthermore, it was found that the
computed coarse-grained pressure in a local volume
was more precise than the pressure on a surface for a
given simulation length.

Keywords: Pressure tensor; Molecular dynamics; Interfaces;
Droplet

INTRODUCTION

Calculation of the microscopic pressure tensor, P (or
the stress tensor, 2P), by molecular dynamics (MD)
or Monte Carlo simulations is not trivial for
heterogeneous systems due to the pressure tensor’s
ambiguous definition [1–5]. The computational
techniques involved have been discussed by several
authors [4,6–16] with an apparent preference for the
method of planes (MOP) by Todd et al. [8] and the
thermodynamic method by Lovett and Baus [9–14].
The MOP implies the Irving–Kirkwood (IK) gauge,
whereas the thermodynamic method has some
similarities with the Harasima gauge. For planar
geometry, the thermodynamic method gives the
same local pressure as the transverse components of

the pressure tensor defined by Harasima [2,6,9–
14,16] whereas the MOP gives the normal com-
ponent of both the IK and the Harasima pressure
tensors [1,6,8,16] (the two definitions lead to identical
expressions for the normal component for planar
geometry).

The MOP gives the pressure at an imaginary
surface in the fluid. For spherical surfaces,
Thompson et al. derived equations for the normal
component of the IK pressure tensor and the
transverse component of the Harasima pressure
tensor, and applied these to liquid droplets [4].
Thompson et al. reported configurational (non-ideal)
contributions to the pressure on a surface, whereas
the kinetic (ideal) contribution relates to a local
volume. One may expect that the coarse-grained
pressure, i.e. integrated over a local volume, gives
better statistics and thus is more effective, but this is
not obvious for the following reason: consider a layer
of thickness Dx and assume that this thickness is
small compared to size of the particles. The particle
pairs contributing to the pressure in Dx will also
contribute to the pressure on a plane located in Dx,
except for a few pairs with both particles on the same
side of the plane. A method to calculate the pressure
tensor in a small volume was recently given by
Cormier et al. [19] for solids, but it is applicable only
to systems with a short range potential.

The purpose of the present paper is, therefore, to
derive expressions for the corase-grained pressure
tensor in a local volume and to examine their
statistical efficiency in MD simulations. Our interest
in this topic is due to the fact that P is needed for
several purposes, such as computation of the surface
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tension, Tolman length, and the local heat flux across
or along an interface. Although the results will also
apply to solid states, the numerical results presented
in this paper are valid only for the diagonal elements
of P.

In a uniform bulk fluid, the a- and b-components
of the pressure tensor, pab, are:

pab ¼ pdab; ð1Þ

where p is the isotropic pressure and dab is
Kronecker’s delta. The isotropic pressure of N
particles in a system volume Vsys interacting with a
pair-wise additive potential and with no external
force may be computed from the virial theorem,

p ¼ 2
1

6Vsys

XN

i¼1
j–i

XN

j¼1

rij · fij

* +
þ kBTsysrsys; ð2Þ

where rij ¼ rj 2 ri is the vector from position ri of
particle i to rj, fi j is the force acting on i due to j, kB is
Boltzmann’s constant, Tsys the temperature, and
rsys ¼ N=Vsys the number density. The brackets k· · ·l
represent an ensemble average. An intuitive modi-
fication of Eq. (2) for the pressure tensor in a local
volume, V, is to sum up the virial contributions from
those pairs with at least one of the particles in V:

pab ðVÞ ¼ 2
1

2V i[V

X
j–i

X
ðea·rijÞðeb·fijÞ

* +

þ kBTðVÞr ðVÞdab ð3Þ

where T(V ) and r (V ) are the local density and
temperature in V, respectively, and ea and eb are unit
vectors in the a- and b-directions. Equation (3) which
is a coarse-grained Irving–Kirkwood-1 (cgIK1)
approximation, does not give the correct value of
the microscopic pressure tensor when the system is
not uniform [8]; it violates the condition of
mechanical equilibrium, 7·P ¼ 0 [15,16]. This defect
of the IK1 approximation was corrected in the MOP,
valid for planar surfaces. However, Eq. (3) does give
the correct surface tension for an infinite and flat
interface, since the errors cancel in the integrated
difference between the normal and the transverse
pressure components [15,18].

The basic equations for planar and spherical
symmetries are given in second section, including a
summary of the equations for the pressure at a surface
and some new results for the coarse-grained pressure
in a local volume. The MD simulations are described
in third section, and results for the planar interface
and a liquid droplet are discussed in fourth section.
Conclusions are given in fifth section. A simple
consideration that leads to the same coarse-grained
expression as that discussed in the section on “The
Coarse-grained Pressure Tensor in a Local Volume” is

given in Appendix A. The result is equivalent to
Eq. (17) with the Irving-Kirkwood contour.

THE MICROSCOPIC PRESSURE TENSOR

Basic Equations

Expressions for the microscopic pressure tensor were
first given by Irving and Kirkwood [1]. The basic
principle behind their derivation is the conservation
of momentum. This gives an ambiguous definition of
the pressure since only the divergence of the
pressure and not the pressure itself is defined this
way. The microscopic pressure tensor was reformu-
lated by Schofield and Henderson [3], who showed
that the ambiguity amounts to an arbitrary choice of
an integration contour. Schofield and Henderson
considered the components of the local pressure
tensor,

pab ðRÞ ¼ k pc;ab ðRÞlþ k pk;ab ðRÞl; ð4Þ

where R is some point in space,

pc;ab ðRÞ ¼
1

2 i

X
j–i

X
pij;ab ðRÞ ð5Þ

is the configurational contribution to the pressure,
and

pk;ab ðRÞ ¼
i

X
mi½ea·ðvi 2 uÞ�

£ ½eb·ðvi 2 uÞ�d ðR 2 riÞ

ð6Þ

is the kinetic contribution. The pair-wise contri-
bution to the pressure in Eq. (5) is [3]

pij;ab ðRÞ ¼ 2

ð
Cij

f ij;ad ðR 2 lÞdlb; ð7Þ

where f ij;a ¼ ea·fij is the a-component of fij, d ðR 2 lÞ
is the Dirac delta function, l is a position on the
integration contour Cij from ri to rj, and dlb ¼ eb·dl:
We assume that fij and rij are parallel, i.e. fij ¼

2f ijrij=rij where the derivative of the pair potential is
f ij ¼ 2›fij=›r: Since fij,a in general depends on Cij, it
is part of the integrand in Eq. (7). In the kinetic
contribution, vi and mi are the velocity and mass of
particle i, respectively, and u is the streaming
velocity. In this work, we shall consider equilibrium
systems for which the kinetic part is

k pk;ab ðRÞl ¼ kBTðRÞr ðRÞdab ð8Þ

but Eq. (6) is valid also in non-equilibrium states and
when there is a streaming velocity u.

Several authors have discussed the arbitrariness in
the choice of Cij[1–3,5,7–14]. Since the purpose of
this paper is to examine the efficiency of the
computational methods rather than to contribute to
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this discussion, we have employed the most popular
choice, the IK contour. The IK contour is defined as
the straight line between i and j.

The Pressure Tensor at a surface

The pressure at a surface is obtained by solving
Eq. (7) for a given choice of Cij. For a planar surface
with area A located at x ¼ constant and with the IK
contour, the configurational contribution to the
pressure is [6,8,16]:

pij;aaðxÞ ¼
1

A

ðraijÞ
2

rijjxijj
f ijQ

x 2 xi

xj 2 xi

� �
Q

xj 2 x

xj 2 xi

� �
; ð9Þ

where a ¼ x, y, or z. The product

Q
x 2 xi

xj 2 xi

� �
Q

xj 2 x

xj 2 xi

� �

equals 1 if x is between xi and xj, otherwise it is 0.
Equation (9) with a ¼ x is the configurational
contribution used in the MOP [8,16].

For a spherical surface located at R ¼ constant in
spherical coordinates, the pressure tensor at equili-
brium is given by

PðRÞ ¼ pNðRÞ½eReR� þ pTðRÞ½eueu þ efef�: ð10Þ

The normal (radial) and transverse (angular)
components for the pair i, j are given by [17]

pij;NðRÞ ¼
mðRÞ

4pR3
f ij cij ð11Þ

and

pij;TðRÞ ¼
mðRÞ

8pR3
f ij cij

R

cij

� �2

21

" #
ð12Þ

with the IK contour. Here, cij is half the length of the
chord given by the intersection between the surface
of a sphere of radius R and the line ri þ lrij ð21 ,

l , 1Þ and m(R ) is the number of such intersections
in 0 # l # 1 ðmðRÞ ¼ 0; 1; 2Þ: We shall call the method
based on Eqs. (9), (11), and (12) the IK method.

The Coarse-grained Pressure Tensor in a Local
Volume

The coarse-grained value of pab (R) is obtained by
integrating Eq. (4) over a local volume V (coarse-
grained quantities are expressed with “^”)

p̂ab ¼
1

V

ð
V

pab ðRÞdR ¼ k p̂c;ablþ k p̂k;abl; ð13Þ

where the non-ideal (configurational) contribution is

p̂c;ab ¼
1

2 i

X
j–i

X
p̂ij;ab ð14Þ

with p̂ij;ab given by

p̂ij;ab ¼ 2
1

V

ð
V

ð
Cij

f ij;ad ðR 2 1Þdlb

" #
dR: ð15Þ

The ideal (kinetic) contribution in Eq. (13) is

p̂k;ab ¼
1

V i[V

X
mi½ea·ðvi 2 uÞ�½eb·ðvi 2 uÞ� ð16Þ

with summation over all particles in V. Equation (15)
may be simplified by exchanging the order of
integration:

p̂ij;ab ¼ 2
1

V

ð
Cij

f ij;a

ð
V

d ðR 2 lÞdR

	 

dlb

¼ 2
1

V

ð
Cij[V

f ij;a dlb; ð17Þ

where Cij [ V means that the pair i, j contributes to
the pressure only with the part of Cij that is inside V.
Even if neither i nor j is in V, the pair contributes to
the pressure tensor if the connecting line passes
through V and the interparticle distance is within the
range of the pair potential.

The Coarse-grained Pressure Tensor in a Flat Layer
in Cartesian Coordinates

As a local volume we consider a flat layer with area A
and thickness Dx such that the layer is perpendicular
to the x-axis and with V ¼ ADx: The system is
supposed to be uniform in y- and z-directions. For
the IK contour, we define the entry point to be a ¼

{xa; ya; za} and the exit point to be b ¼ {xb; yb; zb}: If i is
inside V, then we set a ¼ ri: If j is inside V, then we set
b ¼ rj: For the IK contour, the different situations are
indicated by arrows in Fig. 1 for various cases of i
and j. The corresponding p̂ij;aa follows from Eq. (17)

p̂ij;aa ¼ 2
f ij;a

V

ðab

aa

da ¼ 2
f ij;a

V

rij;a

rij;x
ðxb 2 xaÞ; ð18Þ

where rij;a ¼ ea·rij: Equation (18) represents the
fraction of the virial rij·fij assigned to each layer
according to how much of the contour penetrates the
layer. We shall call the method using Eq. (18) the
coarse-grained IK (cgIK) method.

In the case that the two particles are in the same
layer, Eq. (18) reduces to the ordinary virial
expression,

p̂ij;aa ¼ 2
rij;a f ij;a

V
; a ¼ x; y; z: ð19Þ
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The Coarse-grained Pressure Tensor in a Spherical
Layer in Spherical Coordinates

Here we consider a droplet at the center of a spherical
coordinate system and a local volume in the form of a
spherical shell of radius R and thickness DR.

For the IK choice of Cij, the possible situations that
contribute to the pressure in V are shown in Fig. 2.
A point l(l ) on the contour is specified by the scalar l:

lðlÞ ¼ ri þ lrij; 0 # l # 1: ð20Þ

We will also need l ¼ jlj; which is a function of l. The
interval Cij [ V is defined by la # l # lb where la

and lb are given by a ¼ ri þ larij and b ¼ ri þ lbrij;
respectively, and a and b are the entry and exit points,
respectively, of Cij in V. For some configurations of i
and j, Cij may penetrate V twice as seen in Fig. 2, and
Cij [ V represents two separate intervals. These
situations will be understood in the following as the
integral

Ð lb

la
actually consisting of two parts ð

Ð lb

la
þÐ lb0

la0
Þ; without being explicitly shown. Furthermore,

we assume the notation that la ¼ 0 if ri [ V and lb ¼

1 if rj [ V:The value ofl at the surface of the sphere of
radius R is

lR ¼ l0 ^
1

rij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 2 l20

q
ð21Þ

with 0 , lR , 1: The closest distance from origin to
l(l ) is

l0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

i 2
ri·rij

rij

� �2
s

; ð22Þ

and l0 is the corresponding value: l0 ¼ jri þ rijl0j:
The p̂ij;ab in V follows from Eq. (17)

p̂ij;ab ¼ 2
1

V

ðlb

la

ðea·fijÞðeb·rijÞdl: ð23Þ

Note that the unit vectors er, eu, and ef are not
constant along the contour l(l ); expressed in
Cartesian coordinates they are

er ¼
lx
l
;
ly

l
;
lz

l

� �

eu ¼
lxlz

lðl2
x þ l2yÞ

1=2
;

lylz

lðl2
x þ l2yÞ

1=2
;2

ðl2
x þ l2yÞ

1=2

l

( )

ef ¼ 2
ly

ðl2
x þ l2yÞ

1=2
;

lx

ðl2x þ l2
yÞ

1=2
; 0

( )
ð24Þ

where u is the angle between the z-axis and l, f is the
azimuth angle in the x-, y-plane, and la is the
a-component of l. The angle u may also be defined
relative to the x- or y-axis. By symmetry, all three
definitions must give identical results for the
transverse pressure component. Using the unit
vectors given by Eq. (24), the normal and transverse
pressure components may now be written as

p̂ij;N ¼
f ij

rijV

ðlb

la

r4
ijl

2 þ 2ðri·rijÞr
2
ijlþ ðri·rijÞ

2

r2
ijl

2 þ 2ðri·rijÞlþ r2
i

" #
dl ð25Þ

FIGURE 1 Illustration of various particle configurations that
contribute to the pressure in a flat layer in Cartesian coordinates.
Integration regions are shown by arrows.

FIGURE 2 Illustration of various particle configurations that
contribute to the pressure in a spherical layer in spherical
coordinates. Integration regions are shown by arrows.

T. IKESHOJI et al.104

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
0
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



p̂ij;ff ¼
f ij

rijV
ðri;yrij;x 2 ri;xrij;yÞ

2

£

ðlb

la

1

r2
ij;xyl

2 þ 2ðri;xy·rij;xyÞlþ r2
i;xy

" #
dl; ð26Þ

where ri,xy and rij,xy are the projections of ri and rij,
respectively, onto the x, y-plane. The integrands have
the following geometrical interpretations:

The denominator of the integrand in Eq. (25) is the
square of l, l 2, given as

lðlÞ2 ¼ r2
ijl

2 þ 2ðri·rijÞlþ r2
i : ð27Þ

The numerator is r4
ijðl2 l0Þ

2 ¼ r2
ij½lðlÞ

2 2 l20� where
½lðlÞ2 2 l2

0� is the square of the chord length between
l(l ) and l(l0). The denominator of the integrand in
Eq. (26) is the square of the projection of l onto the
x, y-plane, l2

xy: The minimum value of lxy is

lxy;0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

i;xy 2
ri;xy·rij;xy

rij;xy

� �2
s

ð28Þ

(the closest distance from origin to the straight line
through ri,xy and rj,xy) and the corresponding value of
l is lxy,0. In general, lxy;0 – l0: The factor (ri,yrij,x 2

ri,yrij,x 2 ri,xrij,y) is the projection of rij,xy onto the
f-direction unit vector at position ri,xy (ei,f),
multiplied with ri, i.e.

ri;yrij;x 2 ri;xrij;y ¼ riðei;f·rij;xyÞ: ð29Þ

The integrals may be expressed in closed form as

p̂ij;N ¼
f ij

V
½rijðlb 2 laÞ þ FðlbÞ2 FðlaÞ�; ð30Þ

where

FðlÞ ¼ 2l0 arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlÞ2 2 l2

0

q
l0

0
@

1
A ð31Þ

and

p̂ij;ff ¼
f ij

rijV
½GðlbÞ2 GðlaÞ�; ð32Þ

where

GðlÞ ¼ 2
ðri;yrij;x 2 ri;xrij;yÞ

2

rij;xylxy;0
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lxyðlÞ

2 2 l2xy;0

q
lxy;0

0
@

1
A:

ð33Þ

If l0 ¼ 0; i.e. particles i and j are on the same line from
the center, then

p̂ij;N ¼
f ijrij

V
ðlb 2 laÞ: ð34Þ

If lxy;0 ¼ 0; i.e. projections of particles i and j onto the
x, y plane are on the same line from the center, then

p̂ij;ff ¼ 0: ð35Þ

The computational method based on Eqs. (30) and
(32) will also be called the cgIK method here, the
actual geometry will distinguish it from the cgIK
method introduced in “The Coarse-grained Pressure
Tensor in a Flat Layer in Cartesian Coordinates”
Section.

The transverse pressure component may alterna-
tively be derived in terms of the angle v of rotation
from ri to rj in the plane defined by these two vectors.
The resulting expression for p̂ij;vv is

p̂ij;vv ¼ 2
f ij

V
½FðlbÞ2 FðlaÞ�: ð36Þ

Although the pairwise contributions p̂ij;ff [Eq. (32)]
and p̂ij;vv [Eq. (36)] are different, they give the same
ensemble average of the configurational part (apart
from a factor 1/2 due to the fact that the rotation v

incorporates both rotations f and u ),

1

2 i

X
j–i

X
p̂ij;ff

* +
¼

1

4 i

X
j–i

X
p̂ij;vv

* +
¼ p̂c;TðRÞ: ð37Þ

MD SIMULATIONS

Molecular dynamics simulations were carried out for
a one-component system using the Lennard-Jones
potential f(r ) with a switching function centered at
r*

s ; rs=s ¼ 2:5 [20]:

fðrÞ ¼ 41
s

r

� �12
2

s

r

� �6
	 


SðrÞ; ð38Þ

where

SðrÞ ¼ 1 þ
r

rs

	 
224

: ð39Þ

In the planar case, a tetragonal unit cell with aspect
ratios Lx=Ly ¼ Lx=Lz ¼ 2 was divided into layers of
equal thickness Dx* ; Dx/s ¼ 0.2 or 0.4 and per-
pendicular to the x-axis as shown in Fig. 3a (variables
marked with an asterisk are in reduced Lennard-
Jones units). Details are presented elsewhere [21].
In the case of the droplet, a cubic unit cell was
divided into spherical layers of equal thickness
DR* ¼ 0:2 and centered at the center of the cell as
shown in Fig. 3b. In both cases, periodic boundary
conditions were applied in all directions. Initial
5 £ 105 –106 time steps were made with local
thermostatting at different temperatures to establish
a liquid/vapor two-phase system, a liquid sheet
for planar geometry and a liquid drop for spherical
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geometry. Then, NVE MD calculations were
performed for the two-phase system at T* < 0:86
with the parameters given in Table I.

The overall density of the system was chosen so
that the gas and liquid volumes were about equal in
the planar case, and so that the drop diameter was
about 2/3 of the unit cell length in the spherical case.
The center of mass of the system was moved to the
center of the unit cell at fixed intervals to avoid a drift
that would destroy calculation of the average local
variables. The simulations were carried out at
equilibrium with zero streaming velocity.

The coarse-grained configurational pressure ten-
sor in V was computed from Eq. (18) for planar
geometry and Eqs. (30) and (32) for spherical
geometry. For both geometries, the kinetic contri-
bution was computed from Eq. (16). The expressions
were evaluated every 20th time step for runs 1 and 2,
and every 100th time step for runs 3 and 4.

The MOP was used for the x-components in planar
geometry according to Eq. (6) evaluated every time
step for the kinetic contribution and Eq. (9) evaluated

every 20th time step for the configurational
contribution.

RESULTS AND DISCUSSION

Pressure Tensor Through a Flat Interface

The normal and transverse components of P from the
cgIK and cgIK1 methods (Run 3, planar geometry)
are shown as function of x* in Fig. 4 together with the
density profile. The temperature is constant ðT* <
0:86Þ through the system. The normal component of
the cgIK pressure tensor is completely constant
through the interface, showing that mechanical
equilibrium is attained as required. The transverse
components have a dip because of the tension of the
interface. The pressure profile using the cgIK1
method has the well-known wavy normal com-
ponent at/near the interface, which represents a
violation of mechanical equilibrium. Although this
wave is an artifact of the method, the method does
give the correct surface tension, and may for that
reason be preferred due to its lower computational
effort [15]. This wave does not occur when the
pressure is calculated on planes in the system [6,8].
The transverse components obtained from Eqs. (3)
and (18) agree well, but not perfectly. We have no
way to judge which of these profiles is preferable.

The cgIK1 method samples the pressure in a given
layer only when there is a particle in that layer,
whereas the IK method, its coarse-grained version
cgIK, and the MOP all sample the pressure when the
force between two interacting particles penetrate that
layer. One should therefore expect that the precision
of the cgIK1 method is less than for the other
methods. This difference between the cgIK1 method
and the other methods must be more pronounced for
the normal than for the transverse pressure

FIGURE 3 Unit cells used for pressure tensor calculation with
(a) flat layers and (b) spherical layers.

TABLE I Parameters used in the simulations

Run No. 1 2 3 4

N 4096 4096 6080 32768
Geometry Planar Planar Planar Spherical
dt* 0.002 0.002 0.005 0.005
Length of run (time

steps)
2 £ 106 2 £ 106 107 107

Dx* or DR* 0.2 0.4 0.2 0.2

FIGURE 4 Normal (N) and transverse (T) pressure tensor
components obtained with the cgIK and cgIK1 methods for
planar geometry (Run 3). The upper curve is the density profile.
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components, and especially in the liquid phase,
where the kinetic and configurational contributions
are both large and of opposite sign. A summary of
the standard errors in the average pressure com-
ponents is given in Table II.

The cgIK and MOP give about the same standard
error for the normal pressure component in the gas
phase, and the cgIK is slightly better in the liquid
phase, especially for the thicker layers (Run 2). The
cgIK1 also shows the same error in the gas phase, but
is significantly less precise in the liquid. The
transverse pressure components from the cgIK and
cgIK1 methods give the same accuracy, again about
an order of magnitude less precise in the liquid
compared with the gas.

The small, but significant difference between the
cgIK method and the MOP is shown in Fig. 5a and 5b
for runs 1 and 2, respectively. For a layer thickness
Dx* ¼ 0:2 there is little difference between the two
methods, but for Dx* ¼ 0:4 the difference is notice-
able. As Dx* becomes smaller, the two methods
become equivalent. A larger layer thickness than
Dx* ¼ 0:4 would not be suitable because the
datapoints would be too far apart to show the details
of the interface. This would be even more
pronounced at lower temperatures because of the
thinner interface.

Pressure Tensor Through a Spherical Interface

The transverse component of the pressure tensor was
obtained from the three projections discussed in
“The Coarse-grained Pressure Tensor in a Spherical
Layer in Spherical Coordinates” Section. The three
estimates agreed within statistical error as they
should do in the present case of a spherical droplet,
and the average is shown in Fig. 6 marked “cgIK
(T)”. The condition of mechanical equilibrium in
spherical coordinates reads

pTðRÞ ¼ pNðRÞ þ
2

R

dpNðRÞ

dR
ð40Þ

or

pNðRÞ ¼
2

R2

ðR

0

pTðRÞdR: ð41Þ

This condition was checked from the independent
calculations of p̂T and p̂N: The p̂T computed from

TABLE II Standard error in the average pressure (in reduced
Lennard-Jones units)

Run 1 Run 2

Gas Liquid Gas Liquid

cgIK (N) 0.00017 0.00092 0.00017 0.00075
MOP (N) 0.00017 0.00105 0.00017 0.00107
cgIK1 (N) 0.00015 0.00204 0.00014 0.00125
cgIK (T) 0.00023 0.00198 0.00021 0.00163
cgIK1 (T) 0.00021 0.00199 0.00020 0.00161

FIGURE 5 Comparison of the precisions of the cgIK method and the MOP. Layer thicknesses are (a) Dx* ¼ 0:2 (Run 1) and (b) Dx* ¼ 0:4
(Run 2).

FIGURE 6 Normal (N) and transverse (T) pressure tensor
components obtained with the cgIK method for spherical
geometry (Run 4). The upper curve is the density profile. The
transverse component from the mechanical balance Eq. (40) is also
shown.

PRESSURE IN INHOMOGENEOUS SYSTEMS 107

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
0
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



Eq. (40) is compared with the results computed from
Eq. (32) (and Eq. (16)) in Fig. 6. We find that the two
routes to p̂T agree perfectly.

Thompson et al. [4] computed the normal IK
pressure from

pNðRÞ
ðIKÞ 1

4pR3
i– j pair

X jR·rijj

rij
f ij

* +
þ kBTðVÞr ðVÞ: ð42Þ

Results from this method were compared with those
from Eq. (30) (and Eq. (16)), and the agreement was
found to be good. This is no surprise because Eq. (30)
is obtained by an integration of the pressure on
planes. A benefit of the present pressure tensor
calculation scheme for the droplet is that both the
normal and the transverse components can be
obtained for the same contour, while Ref. [4] gave
only the normal component with the IK-contour (and
the transverse component with the H-contour).

CONCLUSION

By integrating the IK expression for the pressure
tensor at a point, the coarse-grained pressure tensors
in a local volume (planar and spherical layers) were
obtained. The non-ideal term represents the fraction
of the virial that corresponds to the fraction of the
connecting line in each local volume. The calculated
pressure tensors in systems with either a flat or a
spherical vapor/liquid interface satisfied the
mechanical balance as they should do.

The cgIK gave equal or better precision for the
normal component of the pressure tensor than the
MOP did. The cgIK1 method gave the same precision
as the cgIK method and the MOP for the normal
pressure component in gas phase, but less precise
results in the liquid phase. The transverse pressure
components were equally precise for the cgIK and
cgIK1 methods. The MOP does not give the
transverse component.
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APPENDIX A

In order to obtain Eq. (7) for the pressure defined at a
point, Irving and Kirkwood used the pressure
difference that produces a momentum flow. It is
possible to use a more direct and mechanical
definition; the pressure is a force per unit surface
area. However, the ambiguity discussed in the
Introduction still remains, since the local surface
where the force acts is not determined without
ambiguity, i.e. we do not know where the force acts.
The pressure on an infinitely large surface S may be
expressed as a sum of ideal and non-ideal terms due
to particles traveling through, and forces acting
through the plane, respectively. The ideal term will
be in the same form as Eq. (6) and the coarse-grained
value is easily obtained as Eq. (16). Therefore, we
consider only the non-ideal term, pc,S, which can be
expressed by the sum of force components, fij,n
(normal to the surface), that act between all pairs of
particles i and j, located at the left and right sides of
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an infinitely large surface, respectively. This gives

pc;S ¼
1

S
i[left

X
j[right

X
f ij;n: ð43Þ

For a repulsive force, fij,n is positive. As an extension
of this idea, the contribution from an i– j pair to the
pressure on a small part of S, through which the i– j
connecting line passes, may be defined as

pij;n ¼
f ij;n

s
¼ 2sign

en·fij

s

� �
; ð44Þ

where s is the area of the small surface and en is the
unit vector normal to s. In this equation, the force is
assumed to act through the surface s as shown in
Fig. 7. This corresponds to the IK choice for the
integration contour. By an arbitrary convention, we
choose sign to be positive when en points towards
particle j and negative when en points towards i.
Introducing a surface normal to the i– j connecting
line, s0ð¼ sign sðen·rijÞ=rijÞ; Eq. (44) becomes

pi;j;n ¼ 2
ðen·rijÞðen·fijÞ

rijs0
: ð45Þ

When the surface s is moved from position a to b,
both of which are on the i– j connecting line, it is
possible to calculate an average pressure �pij;ab

between a and b by integrating Eq. (45) as

�pij;ab ¼
1

Vab

ðb

a

pij;ns0 dq; ð46Þ

where q is the coordinate along the connecting line
and

Vab ¼

ðb

a

s0 dq ð47Þ

is the volume swept by the surface from a to b. We
now make s0 infinitesimal and choose a and b such
that Vab is entirely within the local volume V. The
average pressure will then contribute to the total
pressure by Vab=V: Thus, the non-ideal part of the
pressure due to the i– j pair in the local volume is
given by

p̂ij;n ¼ �pij;ab
Vab

V
: ð48Þ

Introducing Eqs. (45)–(47) into Eq. (48), it becomes

p̂ij;n ¼ 2
1

rijV

ðb

a

½ðen·rijÞðen·fijÞ�dq: ð49Þ

This p̂ij;n is the same as the coarse-grained normal
component p̂ij;ab (with a ¼ b corresponding to the
normal component) given by Eq. (17).

FIGURE 7 Pressure due to i– j pair (see text for explanation of the
symbols).
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